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Abstract. The neutrino flavor oscillation is studied in some classes of alternative
gravity theories in a plane specified by θ = pi/2, exploiting the spherical symmetry
and general equations for oscillation phases are given. We first calculate the phase
in a general static spherically symmetric model and then we discuss some spherically
symmetric solutions in alternative gravity theories. Among them we discuss the effect
of cosmological term in Schwarzschild-(anti)de Sitter solution, which is the vacuum
solution in F (R) theory, the effect of charge and Gauss-Bonnet coupling parameter on
the oscillation phase is presented. Finally we discuss a charged solution with spherical
symmetry in F (R) theory and also its implication to the oscillation phase. We calculate
the oscillation length and transition probability in these spherically symmetric spacetime
and have presented a graphical representation for transition probability with various
choice for parameters in our theory. From this we have constrained parameters appearing
in these alternative theories using standard solar neutrino results.
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1. Introduction
Neutrino oscillation is a very rich and interesting problem in its own right. This problem
is not only connected to modern particle physics but also to cosmology, astrophysics and
other diverse branches, having interesting phenomenological consequences. Mass neutrino
mixing and oscillations were first studied and proposed by Pontecorvo [1], then Mikheyev,
Smirnov and Wolfenstein (MSW for short) had discussed the effect of transformation of
one neutrino flavor into another in a varying density medium [2], [3]. Recently, the mass
neutrino oscillation has been a hot topic and there have been many theoretical ([4]-[10])
and as well as many experimental ([11]-[15]) studies. Neutrino oscillations first formulated
in flat spacetime has been extended to curved spacetime ([16]-[21]) and it has been used
to test equivalence principle recently [22]. Oscillation phase along the geodesic line will
produce a factor of 2 in the high energy limit when compared to the value along a null
geodesic. This factor of 2 exists in both flat and Schwarzschild spacetime as shown by
several authors ([19], [23]-[25]). The issue regarding this factor of 2 is due to the difference
between the time-like and null geodesics. Also there exists some alternative mechanisms
to take into account the effect of gravitational field on Neutrino flavor oscillation ([26],
[27]). Neutrino oscillation in non-inertial frame has also drawn some attention recently
([28], [29]). There have been extensive study of Neutrino oscillation in spacetime with
both curvature and torsion ([30], [31]).
In recent years, there have been a boost in the research on application of Neutrino
oscillation in various astrophysical contexts. The Pulsar kicks mechanism, based on
spin flavor conversion of neutrino, which is propagating in a gravitational field has been
discussed extensively in [32]. Observations suggest that pulsars have a very high proper
motion with reference to surrounding stars. These suggest that pulsars undergo some
kind of impulse or kick. In spite of many proposals in this direction this still remain
an open issue. The above pulsar kick mechanism can also be explained by introducing
neutrinospheres and resonant oscillation νe → νµ,τ between these neutrinospheres. This
kind of Neutrino oscillation in presence of strong magnetic field leads to such high proper
motion of pulsars [33].
Other studies on Neutrino oscillation mainly focusses on the fact that though the mass
squared differences and mixing angles are well observed, the absolute value of neutrino
masses are not properly known, leading to neutrino masses being hierarchical or quasi-
degenerate in nature. Along with there are extensive works on the mixing angle θ13, CP
violation in neutrino oscillation and the effects of non vanishing 1 − 2 mixing. There
exists a number of theoretical models, for example, considering neutrino masses to be
degenerate at some seasaw scale, large mixing angle for solar and atmospheric neutrinos
using renormalization group equations in order to address these issues ([34]-[39]).
There have been some recent developments regarding different astrophysical aspects
of alternative gravity theories ([40], [41]). In this paper we consider neutrino oscillation
in some classes of alternative gravity theories. For simplicity we discuss only spherically
symmetric solutions in alternative theories of gravitation, but interestingly they all turn
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out to have important implications. We have derived quiet generally for all spherically
symmetric solution of a particular form (see equation (9)) that Φgeodk = 2Φ
null
k and we
have only taken the high energy limit but not weak field approximation.
We have discussed three spherically symmetric solutions in this paper. First one
corresponds to vacuum solution to F (R) gravity, which is the Schwarzschild (anti-)de
Sitter solution and have a great importance today regarding the cosmological constant.
We have put an bound on the cosmological parameter in this solution from the present
day solar neutrino data. Secondly we consider Einstein-Maxwell-Gauss-Bonnet (EMGB)
gravity in five dimension and a spherically symmetric solution has been discussed [42].
There we put bounds on the GB parameter α using solar neutrino oscillation data. Finally
we discuss charged solution in F (R) gravity and different parameter have been estimated.
Finally we calculate the proper oscillation length in all these spherically symmetric
spacetime. The oscillation length is found proportional to Eloc = E/
√
g00, the local
energy measurement. Decrease in local energy leads to decrease in oscillation length as
the neutrino travels out the gravitational field. Thus blueshift of oscillation length occurs
in contrast to redshift for light signal, which is an interesting result.
The paper is organized as follows. In section (2) we give a brief review of neutrino
oscillation in flat spacetime, next in section (3) we discuss the neutrino oscillation in
general static spherically symmetric spacetime. Then we consider neutrino oscillation
in different classes of alternative gravity theories and proper oscillation length in these
theories. The paper ends with a discussion on our results. Throughout the paper we have
used the units G = c = ~ = 1 and ηµν = diag(+1,−1,−1,−1).
2. Neutrino Oscillation in flat spacetime
In this section we shall briefly review some properties of two flavor neutrino oscillation
in flat spacetime which will be helpful for later developments. In standard treatment,
the flavor basis eigenstate, denoted by |να〉 is actually a superposition of the mass basis
eigenstates |νk〉 such that they are connected by a unitary transformation [18],
|να〉 =
∑
k
Uαk exp[−iΦk ] |νk〉 (1)
where
Φk = Ekt−−→pk .−→x , (k = 1, 2) (2)
and the unitary matrix Uαk comprises the transformation between flavor and mass basis.
Here Ek and−→pk corresponds to the energy and momentum of the mass eigenstates |νk〉. For
a neutrino which is produced at some spacetime point, A(tA,
−→xA) and detected at another
spacetime point B(tB,
−→xB), the phase as presented in equation (2) can be generalized to a
co-ordinate independent form and become suitable for application in a curved spacetime.
This could be given by ([18],[43]),
Φk =
∫ B
A
p(k)µ dx
µ (3)
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where the 4-momentum is given by,
p(k)µ = mkgµν
dxν
ds
(4)
and mk is the rest mass corresponding to the mass eigenstate |νk〉, gµν and s corresponds
to the metric tensor and an affine parameter respectively. In the literature the mass
eigenstates are usually taken to be the energy eigenstates with a common energy, up to
O(m/E). We use the approximation E ≫ M and assume massless trajectory implying
that the neutrino travels along the null trajectory. For two flavor mixing νe − νµ, we can
write
νe = cosθν1 + sinθν2, νµ = −sinθν1 + cosθν2 (5)
where θ is the vacuum mixing angle. The oscillation probability that the neutrino which
is produced as |νe〉 but detected as |νµ〉 is given by [44],
P (νe → νµ) = |〈νe|νµ(x, t)〉|2 = sin2(2θ)sin2
(
Φkj
2
)
(6)
where Φkj = Φk −Φj is the phase shift for neutrino flavor oscillation. The Phase can also
be expressed in terms of energy and position of creation and detection of the neutrino
such that [18],
Φk ≃ m2k|−→xb −−→xA|(2E0)−1 (7)
with E0 being the energy for a massless neutrino. So, the phase shift which is responsible
for oscillation is given by,
Φkj ≃ ∆m2kj |−→xb −−→xA|(2E0)−1 (8)
where ∆m2kj = m
2
k −m2j .
3. Neutrino oscillation in a general static spherically symmetric spacetime
In this section we shall discuss the neutrino oscillation along both null and timelike
geodesics in a general static spherically symmetric spacetime with metric ansatz [45],
ds2 = f(r)dt2 − f(r)−1dr2 − r2dΩ22 (9)
We have restricted this discussion to four dimensions only, however it can be generalized
to higher dimension in a straightforward manner. We shall restrict our motion in θ = pi/2
plane, due to spherical symmetry this would not hinder the general nature of the metric.
The components of the canonical momenta of kth massive neutrino in equation (4)
are,
p
(k)
t = p
(k)
0 = mkf(r)t˙ = mkEk
p(k)r = −mkf(r)−1r˙ (10)
p
(k)
φ = −mkr2φ˙ = −mklk
where we have introduced t˙ = dt/ds, r˙ = dr/ds and φ˙ = dφ/ds. The metric components
do not depend on t, thus we have a conserved energy per particle mass given by Ek and
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the metric components also do not depend on φ leading to conserved angular momenta
per particle mass lk. We could have t˙ = Ekf(r)
−1 and φ˙ = lkr−2. The phase along null
geodesic from point A to point B is given by ([18],[43]),
Φnullk =
∫ B
A
p(k)µ dx
µ =
∫ B
A
(
p
(k)
0 dt+ p
(k)
φ dφ+ p
(k)
r dr
)
=
∫ B
A
(
p
(k)
0 dt/dr + p
(k)
φ dφ/dr + p
(k)
r
)
dr (11)
In the literature the neutrino is usually taken to travel along the null line. Thus we shall
calculate the phase along light-ray trajectory from A to B. The lagrangian appropriate
for the motion in θ = pi/2 plane is,
L =
1
2
(
f(r)t˙2 − f(r)−1r˙2 − r2φ˙2
)
(12)
The hamiltonian could be given by,
H = Ek t˙− lkφ˙+m−1k p(k)r r˙ − L (13)
From independence of hamiltonian on time t we can easily derive the following result,
2H = Ek t˙− lkφ˙+m−1k p(k)r r˙ = δ1 = constant (14)
We can take δ1 = 1 for time-like geodesics and δ1 = 0 for null geodesics without any loss
of generality. Substituting for t˙, φ˙ and p
(k)
r from equation (10) in equation (14) for null
geodesics leads to the radial equation of motion,
r˙ = Ek
√
1− f(r)l
2
k
r2E2k
(15)
Now we define a new function such that,
V (r) = 1− f(r)l
2
k
r2E2k
(16)
From this we have calculated the equations governing t and φ as,
dt
dr
=
1
f(r)
√
V
,
dφ
dr
=
lk
Ekr2
√
V
(17)
The on-mass shell condition corresponds to,
m2k = gµνp
µpν = p
(k)
0 p
0
(k) + p
(k)
φ p
φ
(k) + p
(k)
r p
r
(k) (18)
Using equation (10) into the on-mass shell condition we readily obtain,
p(k)r = mk
√
E2kV − f(r) (19)
Then using equations (19), (17), (15) and (10) in equation (11) for phase we readily
obtain,
Φnullk ≃
∫ B
A
mkdr
2Ek
√
V
(20)
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The phase as presented in equation (20) is a general result. For different f(r) the function
V (r) changes and hence the phase. If f(r) = 1− 2M/r, then in the high energy limit we
should have, V ∼ 1, hence the phase has the following expression,
Φnullk =
∫ B
A
mkdr
2Ek
=
m2k
2pk0
(rB − rA) (21)
which is the phase in Schwarzschild spacetime [18]. An ultra relativistic neutrino travels
with speed very close to that of light and hence is considered to travel along the null line.
However there exists significant difference between massive neutrino and photon, which
becomes important while determining the key features of neutrino oscillation. Thus for
more general situation we should calculate the phase along time-like geodesics. An extra
factor of 2 as mentioned earlier is obtained as we compare the time-like geodesic with
null geodesic in high energy limit. This factor originates due to the fact that we have
treated neutrino to be massive, while calculated the phase along the null and the time-like
trajectory. Thus this factor of 2 is a consequence of neutrino mass. For time like geodesic,
setting δ1 = 1, we can derive from equation (14),
Ek t˙− lkφ˙+m−1k p(k)r r˙ = 1 (22)
Note that the equations for t˙ and φ˙ are same for time-like geodesics [46]. However the
radial equation becomes,
r˙ =
√
E2kV − f(r) (23)
Then we have obtained expressions for dt/dr and dφ/dr for time-like geodesics given by,
dt
dr
=
Ek
f
√
E2kV − f(r)
,
dφ
dr
=
lk
r2
√
E2kV − f(r)
(24)
Using the on-mass shell condition we readily obtain,
p(k)r = mk
√
E2kV − f(r) (25)
Thus the phase along the time-like geodesic has the following expression
Φgeodk =
∫ B
A
mkdr√
E2kV − f(r)
(26)
In the high energy limit the above expression reduces to,
Φgeodk ≃
∫ B
A
mkdr
Ek
√
V
= 2Φnullk (27)
The factor of 2 exists in neutrino phase calculation for flat [24], Schwarzschild ([19],[23])
and Kerr-Newmann [46] spacetime. Here we again found that factor of 2 for a general
static spherically symmetric spacetime. This factor appears since there exists intrinsic
difference between time-like and null geodesics. In deriving the null phase we have used
4-momentum which is along the time-like geodesic and r˙, along the null geodesic, however
for time-like phase we have derived both the quantities keeping them along time-like
geodesics, this leads to that factor of 2, which is a general feature of any curved spacetime.
Constraining alternative gravity theories using the solar neutrino problem 7
4. Neutrino Oscillation in Some Classes of Alternative Gravity Theories
Current theoretical models of cosmology have two fundamental problems, namely inflation
and the late time acceleration of the universe. The usual scenarios used to explain both of
these accelerating epochs are to develop acceptable dark energy models, which includes:
scalar, spinor, cosmological constant and higher dimensions. Even if such a model seems
to be partially successful it is mainly hindered by the coupling with the usual matter and
hence its compatibility with standard elementary particle theories.
However another natural choice is the classical generalization of general relativity,
which is called modified gravity or alternative gravity theory ([47], [48], [49], [50]). Thus
a gravitational alternative is needed to explain both inflation and dark energy seems
reasonable on the ground of the expectation that general relativity is an approximation
valid at small curvature. The sector of modified gravity theory which contains the
gravitational terms, relevant at high energy have produced the inflationary epoch.
During evolution the curvature decreases and hence general relativity describes to a
good approximation the intermediate universe. With a further decrease of curvature
as the sub-dominant terms gradually grow we observe a transition from deceleration
to cosmic acceleration. There exists many models including traditional F (R), string
inspired models, scalar tensor theories, Gauss-Bonnet theory and many others. In the next
subsections we shall discuss neutrino oscillations in three spherically symmetric solutions
for different alternative gravity theories.
4.1. Neutrino oscillation in F (R) gravity
General Relativity (GR) is widely accepted as one of the fundamental theory relating
matter energy density to geometric properties of the spacetime. The standard
cosmological model can explain the evolution of the universe except inflation and late
time cosmic acceleration, as already mentioned. Although many scalar field models have
been proposed earlier in the frame work of string theory and super-gravity to explain
inflation however Cosmic Microwave Background radiation does not show any evidence
in favor of some model. The same kind of approach has also been taken to explain cosmic
acceleration by introducing different dark energy models where concrete observation is
still missing.
Thus one of the simplest choice is modification of GR action by introducing a term
F (R) in the lagrangian, where F is some arbitrary function of the scalar curvature R.
There exists two methods for deriving field equations, first, we can vary the action with
respect to metric tensor gµν , the other method which is called Palatini method is not
discussed here. In F(R) gravity ([51], [52], [53], [54]), the Einstein-Hilbert action
SEH =
∫
d4x
√−g
(
R
16pi
+ Lmatter
)
, (28)
gets replaced by an action appropriate for the introduction of the function of scalar
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curvature:
SF (R) =
∫
d4x
√−g
(
F (R)
16pi
+ Lmatter
)
(29)
Varying this action we readily obtain the corresponding field equation in this gravity
theory to be given by,
1
2
gµνF (R)−RµνF ′(R)− gµνF ′(R) +∇µ∇νF ′(R) = −4piTmatterµν (30)
Now we shall discuss two class of solutions for the above set of Einstein equations involving
vacuum solution and charged black hole solution in F (R) gravity.
4.1.1. Vacuum Solution in F (R) gravity Several solutions (sometimes exact) to this field
equation has been obtained, however due to complicated nature, number of such exact
solutions are much less than that in classical general relativity. There exists a (A)dS-
Schwarzschild solution that corresponds to a vacuum solution (T = 0) for which the Ricci
scalar is covariantly constant. This also corresponds to Rµν ∝ gµν . Since F ′(R) = 0 for
this case equation (30) reduces to the following algebraic equation,
0 = 2F (R)− RF ′(R) (31)
It is evident that the model F (R) ∝ R2 satisfy the above equation ([50], [53], [54]). Hence
the (A)dS-Schwarzschild is an exact vacuum solution to this situation with respective line
element given by,
ds2 =
(
1− 2M
r
∓ r
2
L2
)
dt2 −
(
1− 2M
r
∓ r
2
L2
)−1
dr2 − r2dΩ2 (32)
Here the minus(plus) sign corresponds to (anti-)de Sitter space, M is the mass of the
black hole and L is the length parameter of (anti-)de Sitter space, which is related to the
scalar curvature R = ± 12
L2
(the plus sign corresponds to de Sitter space and minus sign
corresponds to anti-de Sitter space).
The phase along null line is given by,
Φnullk =
∫ B
A
mkdr
2Ek
√
1−
(
1− 2M
r
∓ r2
L2
)
l2
k
r2Ek
(33)
and the phase along the geodesic line has the following expression,
Φgeodk =
∫ B
A
mkdr√
E2k
(
1−
(
1− 2M
r
∓ r2
L2
)
l2
k
r2Ek
)
− (1− 2M
r
∓ r2
L2
) (34)
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4.1.2. Charged Solution in F (R) gravity In this section we consider charged solutions
for F (R) gravity having the form given by F (R) = R − λexp(−ξR) [55]. All such viable
modifications in gravity must pass through all the tests from the large scale structure of
the universe to solar system. When the correction factor to the Einstein gravity action
is of exponential form, it is possible to show that it does not contradicts solar system
tests [56]. Also in addition the solutions from this model is mostly identical to that from
Einstein gravity except a change in Newton’s constant [57]. Using the function given by
F (R) we readily obtain topological charged solution in which the function f(r) as given
by equation (9) leads to [55],
f(r) = 1− Λ
3
r2 − M
r
+
Q2
r2
(35)
In this solution we should set some parameters and following the approach as presented
in [55] we easily read off the parameters such that the following relations are satisfied,
1 +
λξ
eξR
= 0
λ
eξR
+
R
2
(
λξ
eξR
− 1
)
= 0 (36)
with the following solutions λ = Re−1 and ξ = −1/R. We can also reverse the argument
i.e. setting λ = Re−1 and ξ = −1/R and deriving that equation (35) satisfies field
equations. To interpret the charge term we need scalar-tensor representation of F (R)
gravity theory. Then the neutrino phase along the null line has the following expression,
Φnullk =
∫ B
A
mkdr
2Ek
√(
1− f(r)l2k
r2E2
k
) (37)
while that along the geodesic goes by the following expression,
Φgeodk =
∫ B
A
mkdr√
E2k
(
1− f(r)l2k
r2E2
k
)
− f(r)
(38)
Where Ek and lk are the energy and angular momentum respectively of the neutrino and
f(r) is given by equation (35).
4.2. Neutrino Oscillation in Einstein-Maxwell-Gauss-Bonnet Gravity
Theories with extra spatial dimension have been an area of considerable interest since
the original work of Kaluza and Klein. The advent of string theory boosts this issue
which predicts the presence of extra spatial dimension. Among the large number of
alternatives the Brane world scenario is considered as a strong candidate which has
theoretical basis in some underlying string theory. Usually, the effect of string theory on
classical gravitational theories ([58], [59]) are investigated using of a low energy effective
action, which in addition to the Einstein-Hilbert action contain squares and higher powers
of the curvature term. However the field equations become of fourth order and brings in
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ghosts [60]. In this context Lovelock [61] showed that if higher curvature terms appear in
a particular combination in the action, the field equation becomes of second order.
In Einstein-Maxwell-Gauss-Bonnet (EMGB) gravity, the action in the five
dimensional spacetime (M, gµν) can be written as,
S =
1
2
∫
M
d5x
√−g [R + αLGB + Lmatter ] , (39)
where LGB = RαβγδR
αβγδ − 4RµνRµν + R2 is the GB Lagrangian and Lmatter = F µνFµν
is the Lagrangian for the matter part i.e. electromagnetic field. Here α is the coupling
constant for the GB term having dimension of (length)2. As α is regarded as the inverse
string tension, so we must have α ≥ 0.
The gravitational and electromagnetic field equations are obtained by varying the
above action with respect to gµν and Aµ (see [42]),
Gµν − αHµν = Tµν
▽µF µν = 0
Hµν = 2
[
RRµν − 2RµλRλµ − 2RγδRµγνδ +Rαβγµ Rναβγ
]− 1
2
gµνLGB

 (40)
where Tµν = 2F
λ
µFλν − 12FλσF λσgµν is the electromagnetic field tensor.
A spherically symmetric solution to the above field equations has been obtained by
[62] and the line element has the following expression,
ds2 = −g(r)dt2 + dr
2
g(r)
+ r2dΩ23, (41)
where the metric co-efficient is,
g(r) = K +
r2
4α
[
1±
√
1 +
8α (m+ 2α | K |)
r4
− 8αq
2
3r6
]
(42)
Here K is the curvature, m+ 2α | K | is the geometrical mass of the spacetime and dΩ23
is the metric of a 3D hyper-surface such that,
dΩ23 = dθ
2
1 + sin
2θ1
(
dθ22 + sin
2θ2dθ
2
3
)
(43)
The range is given by θ1, θ2 : [0, pi]. We have assumed that there is a constant charge q at
r = 0 and the vector potential be Aµ = Φ(r)δ
0
µ such that Φ(r) = − q2r2 .
In this metric the metric function g(r) will be real for r ≥ r0 where r20 is the largest
real root of this cubic equation,
3z3 + 24α (m+ 2α | K |) z − 8αq2 = 0 (44)
By a transformation of the radial co-ordinates one can show that r = r0 is an essential
singularity of the spacetime [62].
The phase along the null line has the explicit form,
Φnullk =
∫ B
A
mkdr
2Ek
√(
1− g(r)l2k
r2E2
k
) (45)
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and the phase along the geodesic line could be given by,
Φgeodk =
∫ B
A
mkdr√
E2k
(
1− g(r)l2k
r2E2
k
)
− g(r)
(46)
where g(r) is given by equation (42).
5. Proper oscillation length
The propagation of a neutrino is well understood in terms of its proper length. However
the quantity dr that appear in equation (20) is only a coordinate. The proper distance
has the following expression [63],
dl =
√
g0µg0ν
g00
− gµνdxµdxν (47)
For the metric ansatz as presented in equation (9) and then using equation (16) we readily
obtain the proper distance to be given by,
dl = dr[f(r)V ]−1/2 (48)
For convenience we shall adopt the differential form of (20)
dΦnullk =
mkdr
2Ek
√
V
(49)
Substituting (48) we readily obtain,
dΦnullk =
m2k
2pk0
√
fdl (50)
Where it is generally assumed that the mass and energy eigenstates are identical with a
common energy. The equal energy assumptions are taken to be correct by some authors
([19], [25]) and has been studied carefully in papers ([64]). Also it is adopted quite
widely in a great deal of literature, that p0 will represent the common energy of mass
eigenstates. The condition of equal momentum has also been adopted in order to study
the neutrino oscillation. In flat spacetime, both conditions represent the same neutrino
oscillation results. Due to the time and space translation invariance the free particle
energy and momentum are conserved. In curved, stationary spacetime, the energy is
conserved along the geodesic due to existence of a time-like Killing vector field. However
∂/∂r is not a Killing vector field and hence the momentum pr is not conserved. Thus it is
difficult to study neutrino oscillation under the equal momentum assumption in a curved
spacetime. In this section we shall consider phase along the null line. Hence the phase
shift determining the oscillation could be given by,
dΦnullkj = dΦ
null
k − dΦnullj =
∆m2kj
2p0
√
fdl (51)
where ∆m2kj = m
2
k −m2j . Equation (51) can be rewritten as,
dl(
d
Φnull
kj
2pi
) = 4pip0
∆m2kj
1√
f(r)
=
4piploco
∆m2kj
(52)
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The term 4pip0
∆m2
kj
1√
g00
in (52) has been interpreted as the oscillation length LOSC (which
is actually defined by the proper distance as the phase shift Φnullkj changes by 2pi) which
is measured by the observer at rest at a position r, and ploc0 = p0/
√
f(r) is being the
local energy. As r approaches to infinity, ploc0 approaches the energy p0 measured by an
observer at infinity. Thus the neutrino oscillation length in a black hole spacetime is given
by following the metric ansatz (9) as,
LgravOSC =
4pip0
∆m2kj
1√
f(r)
(53)
while that for flat spacetime it reduces to,
LflatOSC =
4pip0
∆m2kj
(54)
Hence we can define an quantity which measures the fractional change in oscillation length
due to presence of gravity,
δl1 =
LgravOSC − LflatOSC
LflatOSC
=
1√
f(r)
− 1 (55)
Another quantity of interest is the shift in oscillation length due to these alternative
theories compared with the vacuum Schwarzschild solution in Einstein General Relativity
and can be computed as,
δl2 =
LalterOSC − LschOSC
LflatOSC
=
1√
falt(r)
− 1√
fsch(r)
(56)
where falt(r) is the metric element for the alternative gravity theory and fsch(r) is the
metric element for schwarzschild theory i.e. 1 − 2M/r. Next we shall calculate these
quantities for the spherically symmetric solution used previously in this paper and hence
put bounds on the parameters.
5.1. Vacuum Solution in F (R) gravity
We now consider proper oscillation length for neutrino oscillation in the vacuum solution
for F (R) gravity. As pointed out in 4.1.1 the vacuum solution in F (R) gravity actually
comes form F (R) ∝ R2 and hence completely different from the usual vacuum solution in
Einstein theory for which F (R) ∝ R. Thus the vacuum solution in F (R) gravity has the
same structure as (A)dS-Schwarzschild solution but is obtained from a R2 lagrangian
compared to R in Einstein theory and differ from the standard (A)dS-Schwarzschild
solution in General Relativity ([50], [53], [54]). The quantities defined in equations (55)
and (56) leads to the following expressions in this gravity theory,
δl1 =
1√(
1− 2M
r
∓ r2
L2
) − 1 (57)
and,
δl2 =
1√(
1− 2M
r
∓ r2
L2
) − 1√(
1− 2M
r
) (58)
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Figure 1. Figure shows the variation of the two quantities δl1 and δl2 defined in
equations (57) and (58) for vacuum solution in F (R) gravity with radial coordinate for
different choice the physical parameters i.e. M and L.
These two quantities are being plotted in figure 1, for the vacuum solution presented in
this section. From the figures we observe that δl1 have the same asymptotic nature for all
choice of parameters, which is also valid for δl2. In this context we would like to constrain
our parameters in the theory. For this purpose we consider the oscillation probability
of the neutrino to convert from one flavor to another. For this purpose we use the data
of solar neutrino oscillation, which is a two flavor neutrino oscillation discussed in this
paper. We present how the oscillation probability vary with the energy of the neutrino
for different choice of parameters. This variation of oscillation probability is presented in
figure 2.
Now we present the data for solar neutrino in a tabular form and using the oscillation
probability expression we get bounds on the cosmological parameter L.
5.2. Proper Oscillation Length in Einstein-Maxwell-Gauss-Bonnet Gravity
We consider proper oscillation length for neutrino oscillation in the EMGB gravity. The
quantities defined in equations (55) and (56) leads to the following expressions in this
gravity theory given by,
δl1 =
1√
K + r
2
4α
[
1±
√
1 + 8α(m+2α|K|)
r4
− 8αq2
3r6
] − 1 (59)
and,
δl2 =
1√
K + r
2
4α
[
1±
√
1 + 8α(m+2α|K|)
r4
− 8αq2
3r6
] − 1√(
1− 2M
r
) (60)
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Table 1. 8B solar neutrino results from real time experiments. The
predictions of BPS08(GS) and SHP11(GS) standard solar models are also
shown. The errors are the statistical errors. Bounds on the cosmological
parameter is estimated.
Experiment Reaction 8B ν flux Bound on
cosmological parameter
L−1
Kamiokande [65] νe 2.80± 0.19 < 2.235× 10−12
Super-K I [66] νe 2.38± 0.02 < 2.325× 10−12
Super-K II [67] νe 2.41± 0.05 < 2.308× 10−12
Super-K III [68] νe 2.32± 0.04 < 2.364× 10−12
SNO Phase I [69] CC 1.76+0.06
−0.05 < 2.412× 10−12
(pure D2O) νe 2.39
+0.24
−0.23 < 2.323× 10−12
NC 5.09+0.44
−0.43 < 2.029× 10−12
SNO Phase II [70] CC 1.68± 0.06 < 2.423× 10−12
(NaCl in D2O) νe 2.35± 0.22 < 2.328× 10−12
NC 4.94± 0.21 < 2.040× 10−12
SNO Phase III [15] CC 1.67+0.05
−0.04 < 2.425× 10−12
(3He counters) νe 1.77+0.24
−0.21 < 2.411× 10−12
NC 5.54+0.33
−0.31 < 1.895× 10−12
Borexino [71] νe 2.4± 0.4 < 2.312× 10−12
SSM [BPS08(GS)] [72] - 5.94(1± 0.11) -
SSM [SHP11(GS)] [73] - 5.58(1± 0.14) -
These two quantities defined above are being plotted in figure 3, for the charged solution
presented in this section. From the figures we observe that δl1 and δl2 have the same
asymptotic behavior.
We would like to constrain the string tension parameter α in the theory for some
specific value of the charge (the charge in the astrophysical situation being very small, so
we have also taken charges in that order). For this purpose we consider the oscillation
probability of the neutrino to convert from one flavor to another as measured at earth.
The solution not being asymptotically flat has a non-negligible contribution even on the
earth. For this purpose we use the data of solar neutrino oscillation, which is a two
flavor neutrino oscillation in gravitational field discussed in this paper. This variation of
oscillation probability is presented in figure 4.
Now the data for solar neutrino is presented in a tabular form and using the oscillation
probability expression we get bounds on the string tension α−1.
5.3. Proper Oscillation length in Charged Solution in F (R) gravity
In this section proper oscillation length for neutrino oscillation in the charged F (R) gravity
has been discussed. The quantities defined in equations (55) and (56) leads to the following
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Figure 2. The above figure illustrates the variation of e → e probability with
neutrino energy measured in MeV for an energy window. Different graphs are for
different choice of L in Vacuum solution for F (R) gravity. The length is taken to be
180 km.
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Figure 3. Figures show the variation of the two quantities δl1 and δl2 given by
equations (59) and (60) for solution in EMGB gravity with radial coordinate. Different
graphs indicate different choices of parameters in the theory, namely, M , q and α.
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Table 2. 8B solar neutrino results from real time experiments. The
predictions of BPS08(GS) and SHP11(GS) standard solar models are also
shown. The errors are the statistical errors. Bounds on string tension is
estimated.
Experiment Reaction 8B ν flux Bound on
string tension
α−1
Kamiokande [65] νe 2.80± 0.19 < 5.935× 10−24
Super-K I [66] νe 2.38± 0.02 < 6.213× 10−24
Super-K II [67] νe 2.41± 0.05 < 6.125× 10−24
Super-K III [68] νe 2.32± 0.04 < 6.311× 10−24
SNO Phase I [69] CC 1.76+0.06
−0.05 < 6.438× 10−24
(pure D2O) νe 2.39
+0.24
−0.23 < 6.313× 10−24
NC 5.09+0.44
−0.43 < 5.892× 10−24
SNO Phase II [70] CC 1.68± 0.06 < 6.523× 10−24
(NaCl in D2O) νe 2.35± 0.22 < 6.281× 10−24
NC 4.94± 0.21 < 5.759× 10−24
SNO Phase III [15] CC 1.67+0.05
−0.04 < 6.425× 10−24
(3He counters) νe 1.77+0.24
−0.21 < 6.312× 10−24
NC 5.54+0.33
−0.31 < 5.891× 10−24
Borexino [71] νe 2.4± 0.4 < 6.391× 10−24
SSM [BPS08(GS)] [72] - 5.94(1± 0.11) -
SSM [SHP11(GS)] [73] - 5.58(1± 0.14) -
expressions in this gravity theory such that,
δl1 =
1√
1− Λ
3
r2 − M
r
+ Q
2
r2
− 1 (61)
and,
δl2 =
1√
1− Λ
3
r2 − M
r
+ Q
2
r2
− 1√(
1− 2M
r
) (62)
These two quantities defined above are being plotted in figure 5, for the charged solution
presented in this section. From the figures we observe that δl1 and δl2 have the same
asymptotic behavior.
We would like to constrain the parameter Λ in the theory for some specific value
of the charge (charge in the astrophysical situation being very small, so we have taken
charges in that order). For this purpose we consider the oscillation probability of the
neutrino converting from one flavor to another as measured on earth. For this purpose
we use the data of solar neutrino oscillation, which is a two flavor neutrino oscillation in
gravitational field as discussed in this paper. This variation of oscillation probability is
presented in figure 6.
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Figure 4. Figure shows the variation of e → e probability with energy in MeV for
an energy window and length of 180 km. Different graphs are for different choices of
parameter in EMGB gravity namely, α.
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Figure 5. Figure shows the variation of the two quantities δl1 and δl2 as presented
in equations (61) and (62) for charged solution in F (R) gravity with radial coordinate.
Different graphs are for different choices of parameters namely,M , q and Λ.
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Table 3. 8B solar neutrino results from real time experiments. The
predictions of BPS08(GS) and SHP11(GS) standard solar models are also
shown. The errors are the statistical errors. Bounds on the parameter Λ is
estimated.
Experiment Reaction 8B ν flux Bound on parameter
in charged theory
|Λ|
Kamiokande [65] νe 2.80± 0.19 < 0.812× 10−23
Super-K I [66] νe 2.38± 0.02 < 1.209× 10−23
Super-K II [67] νe 2.41± 0.05 < 1.189× 10−23
Super-K III [68] νe 2.32± 0.04 < 1.321× 10−23
SNO Phase I [69] CC 1.76+0.06
−0.05 < 1.536× 10−23
(pure D2O) νe 2.39
+0.24
−0.23 < 1.413× 10−23
NC 5.09+0.44
−0.43 < 0.912× 10−23
SNO Phase II [70] CC 1.68± 0.06 < 1.623× 10−23
(NaCl in D2O) νe 2.35± 0.22 < 1.193× 10−23
NC 4.94± 0.21 < 0.798× 10−23
SNO Phase III [15] CC 1.67+0.05
−0.04 < 1.415× 10−23
(3He counters) νe 1.77+0.24
−0.21 < 1.472× 10−23
NC 5.54+0.33
−0.31 < 0.921× 10−23
Borexino [71] νe 2.4± 0.4 < 1.371× 10−23
SSM [BPS08(GS)] [72] - 5.94(1± 0.11) -
SSM [SHP11(GS)] [73] - 5.58(1± 0.14) -
6. Concluding Remarks
In this paper, we have discussed and given analytical expression for phase of mass
neutrino propagating along both null and time-like geodesic in a general static spherically
symmetric spacetime. Then we apply our phase expression in three spherically symmetric
solutions in different class of alternative gravity theories. These phase expressions are
being evaluated in the equatorial plane θ = pi/2 using spherical symmetry. Using the phase
expression we have calculated neutrino oscillation probability and hence put bounds on
these alternative theories. Thus this work not only shows an alternative way to constrain
parameters in alternative gravity theories but also shows neutrino phase and deviation
from standard results through the quantities δl1 and δl2 respectively. By setting different
parameters to zero we have matched our result to flat and Schwarzschild spacetime. We
have also shown quiet generally that the phase along null geodesic and time-like geodesic
have a factor of 2 in any general spherically symmetric spacetime.
In the last section we have presented the variation of oscillation length for introducing
extra parameters in our theory in comparison with flat and Schwarzschild spacetime. Also
from the difference in oscillation probability due to presence of alternative gravity can be
used to constrain the parameters. For this purpose we have used data on neutrino flux
as measured by different experiments and then put bounds on these parameters. The
bounds on these parameters appear quiet small and hence not observed experimentally
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Figure 6. The above figure shows the variation of e→ e probability with energy in
MeV for a length of 180 km. Different graphs are for different choices of parameters in
charged F (R) solution namely, Λ.
yet. The best bound on the parameter L appearing in the vacuum solution for F (R)
gravity is given from Table-1 as L−1 < 1.895 × 10−12. This is obtained using the SNO
phase III results on solar neutrino oscillation. Also the string tension parameter α−1 in
EMGB gravity has the best bounded value as α−1 < 5.759 × 10−24 obtained from SNO
phase II data on neutrino flux (see Table-2). In a similar manner we have the best bound
on |Λ| as |Λ| < 0.798× 10−23 for SNO phase II neutrino oscillation data (see Table-3).
However these results are derived for two generation neutrino oscillation, also in sun
only one type of neutrino is produced (namely, the electron type) and being of low energy
we need not to consider all the three generations. In recent times, there have been many
works concerning ultra high energy neutrino from AGN and other energetic astrophysical
sources in the universe. So it would be quiet natural to discuss three generation neutrino
oscillation in gravitational field and apply the results of neutrino oscillation for these high
energy neutrinos. Since these neutrinos are generated in strong gravitational field, they
may provide the behavior of gravity at such high field limit. We left these issues to be
discuseed in some future work.
Also another interesting feature of this problem is the blueshift of neutrino phase.
The oscillation length for any spherically symmetric spacetime is proportional to local
energy, interpreted as neutrino climbing out of the gravitational potential well. However
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in this work we have used some solutions that are AdS like on infinity thus decreasing
the oscillation length. Thus our result is valid for any spherically symmetric solution not
only in four dimension but in any spacetime dimensions. Also the constraints on the
parameters are very interesting regarding their cosmological interpretation, which again
makes neutrino oscillation in curved spacetime a very interesting and profound problem
in physics.
Acknowledgments
The author is funded by SPM fellowship from CSIR, Govt. of India. He thanks Chandan
Hati, PRL, Ahmedabad and Prof. Subenoy Chakraborty ,Jadavpur University for helpful
discussions. He is also thankful to the referees for helpful comments and suggestions that
have helped to improve the manuscript.
References
[1] Pontecorvo B 1957 J. Exp. Theor. Phys. 33 549
[2] Mikheyev S P and Smirnov A Y 1986 Nuovo Cimento C 9 17
[3] Wolfenstein L 1978 phys. Rev. D 17 2369
[4] Bilenky S and Petcov S T 1987 Rev. Mod. Phys. 59 671
[5] Bilenky B, Giunti C and Grimus W 1999 Prog. Part. Nucl. Phys. 43 1 (arXiv:hep-th/9812360)
[6] Nussinov S 1976 Phys. Lett. B 63 201
[7] Kayser B 1981 Phys. Rev. D 24 110
[8] Giunti C, Kim C W and Lee U W 1991 Phys. Rev. D 44 3635
[9] Kiers K, Nussinov S and Weiss N 1996 Phys. Rev. D 53 537 (arXiv:hep-ph/9506271)
[10] Sarkar U and Mann R B 1988 Int. J. Mod. Phys. A 3 2165
[11] Fukuda Y et al (Super-K) 1998 Phys. Rev. Lett. 81 1562
[12] Eguchi K et al (KamLand) 2003 Phys. Rev. Lett. 90 021802
[13] Ahn M H et al (K2K) 2003 Phys. Rev. Lett. 90 041801
[14] Michael D G et al (MINOS) 2006 Phys. Rev. Lett. 97 191801
[15] Aharmin B et al (SNO) 2008 Phys. Rev. Lett. 101 111301
[16] Ahluwalia D V and Burgard C 1996 Gen. Rel. Grav 28 1161 (arXiv:hep-ph/9603008)
[17] Piriz D D, Roy M and Wudka J 1996 Phys. Rev. D 54 1587 (arXiv:hep-ph/9604403)
[18] Fornengo N, Giunti C M, Kim C M and Song J 1997 Phys. Rev. D 56 1895 (arXiv:hep-ph/9611231)
[19] Zhang C M and Beesham A 2001 Gen. Rel. Grav. 33 1011 (arXiv:gr-qc/0004048)
[20] Pereira J G and Zhang C M 2000 Gen. Rel. Grav. 32 1633 (arXiv:gr-qc/0002066)
[21] Huang X J and Wang Y J 2003 Commun. Theor. Phys. 40 742
[22] Mann R B and Sarkar U 1996 Phys. Rev. Lett. 76 865 (arXiv:hep-ph/9505353)
[23] Bhattacharya T, Habib S and Mottola E 1999 Phys. Rev. D 59 067301
[24] Lipkin H J 2000 Phys. Lett. B 477 195
[25] Grossman Y and Lipkin H J 1997 Phys. Rev. D 55 2760 (arXiv:hep-ph/9607201)
[26] Gasperini M 1988 Phys. Rev. D 38 2635
[27] Mureika J R and Mann R B 1996 Phys. Lett. B 368 112 (arXiv:hep-ph/9511220)
[28] Capozziello S and Lambiase G 2000 Eur. Phys. J. C 12 343 (arXiv:gr-qc/9910016)
[29] Lambiase G 2001 Eur. Phys. J. C 19 553
[30] Alimohammadi M and Shariati A 1999 Mod. Phys. Lett. A 14 267 (arXiv:gr-qc/9808066)
[31] Capozziello S et al 1999 Euro. Phys. Lett. 46 710 (arXiv:astro-ph/9904199)
[32] Lambiase G 2005 Mon. Not. R. Astron. Soc. 362 867 (arXiv:astro-ph/0411242)
Constraining alternative gravity theories using the solar neutrino problem 21
[33] Lambiase G, Papini G, Punzi R and Scarpetta G 2005 Phys. Rev. D 71 073001
(arXiv:gr-qc/0503027)
[34] Lychkovskiy O 2006 arXiv:hep-ph/0604113
[35] Adhikari R, Datta A and Mukhopadhyaya B 2007 Phys. Rev. D 76 073003 (arXiv:hep-ph/0703318)
[36] Klinkhamer F R 2006 Phys. Rev. D 73 057301
[37] Schwetz T 2007 Phys. Lett. B 648 54 (arXiv:hep-ph/0612223)
[38] Cuesta H J M and Lambiase G 2008 Astrophys. J 689 371
[39] Akhmedov E K, Maltoni M and Smirnov A Y 2008 J. High Energy Phys. JHEP06(2008)072
(arXiv:hep-ph/0804.1466)
[40] Chakraborty S and Sengupta S 2014 Phys. Rev. D 89 026003 (arXiv:gr-qc/1208.1433).
[41] Chakraborty S 2013 Astrophs. Space. Sci. 347, 411 (arXiv:gr-qc/1210.1569).
[42] Chakraborty, S. and Bandyopadhyay, T., 2008 Class. Quantum. Grav. 25, 245015
[43] Stodolsky L 1979 Gen. Rel. Grav. 11 391
[44] Boehm F and Vogel P 1992 Physics of Massive Neutrinos (Cambridge: Cambridge University
Press)
[45] Chakraborty Sumanta and Chakraborty Subenoy Can. J. Phys. 89 689 (arXiv:gr-qc/1109.0676)
[46] Ren J and Zhang C M 2010 Class. Quantum. Grav. 27 065011
[47] Caldwell, R. R., Kamionkowski, M. and Weinberg, N. N. 2003 Phys. Rev. Lett. 91, 071301
[48] Nojiri, S. and Odinstov, S. D. 2003 Phys. Rev. d 68, 123512
[49] Nojiri, S. and Odinstov, S. D. arXiv:gr-qc/0807.0685
[50] Nojiri, S. and Odinstov, S. D. 2011 Phys. Rep. 505, 59
[51] Nelson, W., 2010 Phys. Rev. D 82, 124044
[52] Corda, C., 2010 Eur. Phys. J 65, 257
[53] Balcerzak, A. and Dabrowski, M. P., 2010 Phys. Rev. D 81, 123527
[54] Felice, A. D. and Tsujikawa, S., 2010 Living Rev. Relativity 13, 3
[55] Hendi S. H., Panah B. E. and Mousavi S. M. 2012 Gen. Relativ. Gravit. 44 835 and the references
therein
[56] Elizalde, E., Nojiri, S., Odintsov, S. D., Sebastiani, L. and Zerbini, S. (arXiv:gr-qc/1012.2280)
[57] Zhang, P. 2007 Phys. Rev. D 76 024007
[58] Green, M. B., Schwarz, J. H. and Witten, E. 1987 Cambridge Monograph on mathematical physics
(Cambridge university press, Cambridge, England)
[59] Birrell, N. D. and Davies, P. C. W., 1982 Quantum Fields in Curved Space (Cambridge: Cambridge
University Press)
[60] Zumino, B. 1986 Phys. Rep. 137, 109
[61] Lovelock, D., 1971 J. Math. Phys. 12, 498
[62] Dehghani, M. H., 2004 Phys. Rev. D 70, 064019
[63] Landau, L. D. and Lifshitz, E. M., 1987 The Classical Theory of Fields 4th edn (Oxford:
Butterworth Heinemann) p.235
[64] De Leo, S., Ducati, G. and Rotelli, P., 2000 Mod. Phys. Lett. A 15 2057 (arXiv:hep-ph/9906460)
[65] Fukuda, Y. et. al., [Super-Kamiokande Collab.] 1996 Phys. Rev. Lett. 77 1683
[66] Hosaka, J. et. al., [Super-Kamiokande Collab.] 2006 Phys. Rev. D 73 112001
[67] Cravens, J. P. et. al., [Super-Kamiokande Collab.] 2008 Phys. Rev. D 78 032002
[68] Abe, K. et. al., [Super-Kamiokande Collab.] 2011 Phys. Rev. D 83 052010
[69] Ahmad, Q. R. et. al., [SNO Collab.] 2002 Phys. Rev. Lett. 89 011301
[70] Aharmin, B. et. al., [SNO Collab.] 2005 Phys. Rev. C 72 055502
[71] Bellini, G. et. al., [Borexino Collab.] 2010 Phys. Rev. D 82 033006
[72] Pena-Garay, C. and Sereneli, A. M., arXiv:0811.2424
[73] Pena-Garay, C., Haxton, W. C. and Sereneli, A. M., 2011 Astrophys. J 743 24
